Abstract. In this short note, we show how to apply Moriwaki's arithmetic height functions to the Specialization Theorem of Silverman, thus obtaining a Specialization Theorem for families of Abelian varieties over K, where K is any field finitely generated over Q.
Let k be a number field. Let π : A → B be a proper flat morphism of smooth projective varieties over k, such that the generic fiber A η is an Abelian variety defined over k(B). Let also dim A = n and dim B = m, with n > m. For almost all prime divisors D on B, A D := A× B D is also a flat family of Abelian varieties, and our goal is to compare the Mordell-Weil rank of A η , with the Mordell-Weil rank of the generic fiber of A D . In fact, suppose given a flat fibration into curves δ : B → X , and say D ∈ Div(B) is horizontal if δ(D) = X . We will show that for all but finitely-many horizontal divisors on B, the generic rank of A D is at least the rank of A η .
To see that this is not a vacuous statement, we can construct, as shown in [HP03, Proposition 5.1], a smooth projective variety B ′ , obtained by blowing up B at a finite number of points, which is equipped with a flat morphism f : B ′ → P m−1 . Let A ′ := A× B B ′ . Then A ′ is birational to A, and the induced morphism π ′ : A ′ → B ′ is proper, flat, and has generic fiber A η .
Thus, up to replacing A and B by birationally equivalent varieties, we may assume that we have a proper, flat morphism f : B → X with generic fiber a smooth, irreducible curve C defined over K := k(X ). It is important to note that K is a global field, with a proper set of absolute values satisfying the product formula (see [Lan83, Section 2.3]). By composition, we obtain a flat morphism g := f • π : A → X , whose generic fiber is a smooth, irreducible variety A defined over K. Furthermore, by base extension we have a flat morphism ρ : A → C, whose generic fiber is A η . This puts us in the following situation: Let K be a field finitely generated over Q, and let C be a smooth projective curve defined over K. Suppose A is a smooth projective variety equipped with a proper flat morphism ρ : A → C, such that the generic fiber A ρ is an Abelian variety with Chow trace (τ, B). Let x ∈ C(K) be a point for which the fiber A x is nonsingular. Then the specialization map
is a homomorphism from the group of sections, to the group of points on the fiber.
Theorem 0.1. Let Γ be a finitely generated free subgroup of A(C) which injects in A(C)/τ B(K). Then the set This theorem will follow exactly as in [Sil83] , once we have defined the appropriate height functions, and shown they have the necessary properties. In fact, we will be using Moriwaki's arithmetic height functions [Mor00] on C, and for every x ∈ C(K) on A x as well; whereas we will use the geometric height function on A ρ /K(C). We start by defining these height functions, and listing the apposite properties.
If K is a global field, and C/K is a smooth projective curve, then we can make K(C) into a global field as usual, and define the geometric height h We next consider the arithmetic height functions introduced by Moriwaki, and their properties. Let K be a field finitely generated over Q, with transcendence degree d. Let Z be a normal projective arithmetic variety whose function field is K, and fix nef C ∞ -hermitian line bundles H 1 , H 2 , ..., H d on Z. The collection (Z; H 1 , H 2 , ..., H d ) is called a polarization of Z, and will be denoted by Z. Now suppose that X is a smooth projective variety over K, and L a line bundle on X. If X is a projective arithmetic variety over Z and L a hermitian line bundle on X with X K = X and L K = L then the pair (X , L) is a model for (X, L), and we can define a height function using Arakelov intersection theory, as follows:
where ∆ P is the Zariski closure of the point P in Spec(K) P −→X ֒→ X , and f : X → Z is the canonical morphism. Furthermore, if the polarization Z is big (as defined in Moriwaki,
is an arithmetic height function, and denoted by h arith h arith
where we write h arith 
]). Let g : U → V be a projective morphism of generically smooth (i.e. the generic fiber over Q is smooth) arithmetic varieties. LetL be a C ∞ -hermitian line bundles on V , and z an element of CH
Now note that if f : Y → B is the canonical morphism on Y , then the canonical morphism on X is given by f ′ = f • q; combine this with the definition of arithmetic height:
To prove Property (6), we note that there is some constant a such that L ⊗a ⊗M ⊗−1 is ample. Hence, by Property (3.a) we have
The result now follows by Properties (1) and (2).
Finally, the proof of Property (7) is very similar to the proof for heights over number fields (see for example [HS00, Proposition B.3.5]). We give a sketch here for convenience. Let X be a smooth, projective curve over K. Let D, E be divisors, with d = deg D > 0 and e = deg E. For all integers n, we define a divisor F n := n(eD − dE) + D. Since deg F n ≥ deg D ≥ 1, we see that F n is ample, and so by Property (3.a), h arith Fn > O(1); the constant implicit in O(1) depends on n, D, and E, and we denote it by −C(n, D, E). Thus, using additivity of arithmetic heights (Properties (1) and (2)), we obtain:
Dividing through by dh arith
which holds for both n > 0 and n < 0. Supppose n > 0. Then
Letting first h arith D (P ) and then n go to infinity gives the desired result.
If A is an Abelian variety over K, then the Theorem of the Cube, combined with Property (3.b) above gives:
Therefore (see [Lan83, Section 5.1]), there is a unique quadratic form q arith
We thus define a canonical height on A aŝ
where, if we assume also that L is symmetric, we havê
while if L is anti-symmetric, we havê
The canonical heightĥ arith L has the following properties:
If we assume furthermore that L is ample, then we have: Equipped with these height functions, the demonstration of the following theorems then proceeds exactly as in [Sil83] , and, using non-degeneracy of the geometric height, leads to a proof of Theorem 0.1: Let K be a field finitely generated over Q. Let π : A → C be a flat morphism of smooth projective varieties defined over K, such that the generic fiber A ρ is an Abelian variety over K(S). Fix a line bundle L on A, and let h arith L be the associated arithmetic height function.
Let C 0 ⊂ S be an affine open subset such that for all s ∈ S 0 (K), the fiber A s is an Abelian variety, and set U := π −1 (S 0 ). Let L s be the restriciton of L to A s , and let h arith (As,Ls) : A s (K) → R be the associated canonical height. These canonical heights can be fitted together to give a "canonical height" on U (K),ĥ L : U (K) → R. If we fix also a line bundle M on C, then Theorem 0.2. There is a constant c, depending on M , L, and the family A → C, such that Consider now the case where C is a smooth projective curve over K. Let L be a line bundle on A; for each t ∈ C(K) let L t be its restriction to A t , and D ρ be its restriction to the generic fiber A ρ . Then there is a geometric canonical height 
